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I. INTRODUCTION

Stochastic Resonance is a phenomenon observed in nonligst®ms whereby an input signal is
optimized due to the beneficial effect of noise. This phenmnehas been observed in many real-world
systems[1] including lasers, chemical reactions and giod systems and has many potential applications.
This report will focus on the phenomenon of phase synchatioiz in coupled chaotic systems and will
present a metric which gives a better indication of the optimlevel of phase synchronization in the
presence of noise. This metric, known as the average phaséreyization time will result in a curve
that is cusp shaped which gives a narrower range of optimuiserevels than the bell shaped curves
obtained for other metrics such as signal-to-noise raiitally experimental evidence for the theory will

be presented using coupled Chua circuits along with a dismusd the phenomena observed therein.

[I. STOCHASTIC RESONANCE

Typically noise is considered to be a hindrance to the ojmeratf circuits and systems and most
systems are designed to eliminate as much noise as poddibiever, noise can also be beneficial in
certain systems under the right circumstances due to theopmenon known as stochastic resonance.

Stochastic resonance can be explained simply using a dawdg@otential as shown in Fig 1. Consider
a heavily damped particle of mass m moving in a symmetric Boeukell potential where the viscous
friction is strong enough to allow us to neglect the accel@naof the particle for a weak driving force.
The effect of a weak periodic driving is to tilt the doublelimgotential back and forth with the result
that the potential barriers of the wells are raised and led/en a complementary manner. This has the
effect of lowering the energy barrier of the particle in thalbow well to a level £, which is less than
the original energy required to move into the other well.

If noise is introduced to this system, a sufficiently stroengl of noise can cause the particle to overcome
the energy barrieF, and 'hop’ into the deeper potential well. At the next half leythe potential well is
tilted again with the result that noise can again push thagbainto the adjacent well. Thus a sufficient
level of noise will cause the particle motion to synchronizéh the periodic driving.

If we consider two coupled systems driving by the same péariddving, the above argument extended

to two double-well potentials still explains the phenomemd SR with the added caveat that since the
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Fig. 1. A tilted double-well potential as a result of external driving. Theeptial well is tilted every half cycle due to the periodic driving.

particles in each double-well synchronize with the sameéogder driving, they will also synchronize with

each other at the optimum noise level.

[11. PHASE SYNCHRONIZATION IN CHAOTIC OSCILLATORS

Phase synchronization is a particular case of stochastimesce where we consider the synchronization
between the phase angles of two systems, or between theandututput of a single system. Obviously

this can be considered only for systems that permit a phagle &m be defined.

A. Determination of the phase angle

Consider a chaotic dynamical system defined by a systei efordinary differential equations:

dx/dt = F(x) (1)

wherex(t) = [xM(t),x®(t),...,x™N(t)]. The time-series plot for one of the dynamical variables
2@ (t) is shown in Fig a where the amplitudes vary in a chaotic marffigrb shows the phase space
plot of the outputs of the system where it can be seen thatrépectory is created by a point circling
around an orbit in a single direction. Each time an orbit ipteted, it can be considered to be a shift

in the phase angle b¥r radians. The instantaneous phase can be computed as:

o(t) = tan™ [y(t) — )/ (x(t) — (z))] (2)



where(y) and(z) represent time averages @ft) andxz(t). For experimental data, the phase of the signal

x(t) can be computed easily by evaluating the analytic signél) given by the following relation:

Ta(t) = x(t) + jH[z(1)] 3)

where H[x(t)] is the Hilbert transform of the signal(¢) given by:

Hlz(t)] = PV / 2 4)

TJoot — t/
where P.V denotes the Cauchy principal value of the integral. The plasebe computed as the angle
of the analytic function. Since the phase is considered ¢eease by27 radians every cycle, the phase

angle obtained above should be unwrapped to obtain the trasep

B. Phase synchronization

Now consider two mutually coupled oscillators with instamgous phases, (t) and ¢,(t). For chaotic

oscillators we say that the phases of the two oscillatorslacked’ if

‘<Z51 (t) - ¢2(t)‘ <27 )

If the fluctuationsp, (¢) and¢.(t) are chaotic, the differenc&¢ will also fluctuate in a chaotic way. The
above definition implies that we can consider the phases tgybehronized as long a&¢ is contained
within one phase cycle, i.@x.

If the two oscillators operate independently without anpdyonization, the phase differencey =
(w1 —we)t x ti.e., the phase difference will grow with time. If the osaitirs are completely synchronized,
Ao will remain bounded by2x. However, if the oscillators are not completely synchredizthere will be
regions of synchronization where the phase difference doegxcee®r, but there will be intermittent
jumps of +£27. The time duration of synchronization appears to be randmrhjt can be expected that
the average time duration between such phase jumps will g®whe degree of synchronization (i.e.,

coupling) grows.

V. CHARACTERIZATION OF STOCHASTIC RESONANCE

Typical characterizations of stochastic resonance (diofy phase synchronization) are the Signal-to-
noise ratio (SNR), correlation, entropy etc. Since our ggeties in finding the optimum level of noise
for SR, these characterizations typically represent thiatan of these quantities with noise. If noise can
indeed cause one of these quantities to maximize, we can tihdhe level (or range of levels) which

will enhance the response of the system to a weak input signal
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Fig. 2. Sensitivity of a quantity to noise levels with an exhibition of a) bell-stdpehavior and b)cusp-shaped behavior.

If the quantity being used to characterize SR varies smp@tdund the optimum noise level,b&ll-
shaped behavior can be observed as seen in Fig 2a. Obviously a bableshvariation does not give a
narrow range of noise levels with optimum sensitivity sithe peak is not sharp. If we are interested
in applications where the optimum noise level is obtainedahyobservation of one of the quantities,
say SNR, then a small error in measurement of the quantityleall to a large error in the noise level.
Therefore it is desirable to define a quantity that is highdpsstive to the noise level and will exhibit a

sharp rise at the optimum value, i.ecasp-shaped behavior as shown in Fig 2b.

A. Characterization using phase synchronization

Phase synchronization is an important manifestation ofpienomenon of stochastic resonance and
has many applications in communication systems. Theyblitusing phase synchronization to study SR
also lies in the fact that it is a more sensitive measure.het noise level than traditional methods such
as SNR. This also means that if phase synchronization is usadneetric to identify the optimum noise
level for a system, it will be more precise than other methods

It has been shown recently[2] that near the optimal noisel |ekie average phase synchronization time
(1) exhibits a cusp behavior with a sharp maximum and a steegfftdll has also been suggested that this
behavior is general to systems exhibiting SR even thouglspleeific levels shown byr) depend on the
specific system and its parameters. This has been shown tedbeumerically for a single oscillator where
synchronization is observed between the oscillator ousjmuak the periodic driving. We are interested in
finding out experimentally if the same synchronization lveracan be observed for a coupled oscillator
system driven by a common periodic signal. We shall verifg tising coupled chua oscillators operating

in non-autonomous modes.
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Fig. 3. Circuit diagram of two coupled Chua circuits driven by a commeisensource

V. EXPERIMENTAL VERIFICATION

A. Coupled Chua Circuits

The experimental setup consists of two identical Chua gémmsraoupled in a unidirectional way
and driven by a common noise source as shown in Fig.3. TheciodlL1l, capacitors C1 and C2, the
potentiometer R and the Chua diode realized using two opetamplifiers U1l and U2 along with the
resistors R1-R6, form a single Chua circuit. An identical Chueudi is built using the same component
values. The two Chua circuits are unidirectionally couplethg the operational amplifier U3 and the
potentiometerR.. The value of R. could be adjusted to vary the coupling strength between e t
circuits. A common noise is added to the inductors L1 and Lfithe two circuits respectively using an
opamp U4 as a buffer. The addition of noise to the Chua circakes it non-autonomous. The equations

of the complete circuit are given by:
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where{(t) represents the noise added to the circuit wifile and f'(.), the equations of the Chua diodes
of the two circuits respectively.
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The Chua diodes of both the circuits were realized using alesim084 chip and the resistors and
buffers U3 and U4, using TL082. The component values werel faeL.1=18mH, C1=100nF, C2=10nF,
R1=R2=22K2, R3=3.3K2, R4=R5=220) and R6=2.2K). The corresponding parameters of the second
circuit were fixed to be the same.The potentiometer R wagdada observe different behaviors (periodic
and chaaotic).

Initially, the coupling was removed and no noise signal wasrg In this case, the circuit behaved as
two independent autonomous generators. The potentiosnBteand R’ were fixed such that the phase-
space trajectory of, andvc, of each circuit was a double scroll. The onset of the doublellsaccurs at
slightly different values of R and R’ although all the othergraeters of the circuits were made identical.
This can be attributed to the parametric variations of themanents introduced during their manufacture
and the sensitivity of chaotic circuits to those variationke value of R was fixed as 1.768Kand that

of R’ as 1.736K2 such that both circuits were showing a double-scroll atbrainitially.
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Fig. 4. Plot of the average synchronization tifre for various coupling strengths. For very low coupling strengths theecisnalmost flat
and it narrows as the coupling strength is increased. Also, the peak ofithie shifts toward the left as the coupling strength is increased
since a lower noise level can optimize the system response.

The circuits were coupled and the coupling strength was fiyedhe value of the potentiometét..
The coupling strengtha. is directly proportional to the coupling conductanGe where G, = RLC. The
noise voltage was increased from 01t%(p — p) and the voltagesc, and v, were acquired using the
National Instrument DAQ system. The post processing of teasured signals were done using MATLAB

to calculate the average synchronization time.

VI. RESULTS

The behavior of the average synchronization time with thsen@oltage was studied over different
values of coupling strengths. For low value of couplingrsites (G. = 0.2495 and 0.2667 m.S), it turns
out to be almost a flat response for the noise range of 0V; + p. However, when we increase the
noise intensity to higher values, it shows a bell-shapecdégnce on it in accordance with the regular
stochastic resonant behavior. So, it is seen that noiseneabdhe phase synchronization of weakly coupled
oscillators in a very smooth way.

However, as we increase the coupling strength, the avesagdonization time shows a cusp-shaped
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Fig. 5. Plots of the average synchronization titm¢ for very high coupling strengthgz) increases to very high levels but it also displays
an initial 'dip’.

dependence on the noise intensity as could be seen in Fig & ferlues of 0.3333,0.3018 and 0.3010
mS respectively. Moreover, as we increase the couplinqgtine between the two circuits, we could
observe the following behaviors: 1) The average synchatioa time at zero noise level increases. This
is due to the increase in the synchronization between thectwaoits with the increase in the coupling
strengths 2) The peak average synchronization time at thienalpnoise intensity (the point at which
resonance occurs) increases. This is because of the cappeslkdependence of it to the noise level and
that it starts from a higher value as was discussed before8aiidhe noise intensity at which resonance
occurs is decreased. Considering all the three behaviocsistied above, we could see the cusp-shaped
behavior shifting to the left towards the zero noise level aith higher peaks as we increase the coupling
strengths as could be seen in the family of curves as showngid.FAs we go to very high coupling
strengths, foiG. values of 0.0467 and 0.2364 S, the synchronization showghdyhsensitive dependence
to the noise intensity as could be seen in Fig 5. We could alskenthe following observations: 1) The
optimal noise level at which the peak occurs becomes versedo zero 2) Moreover, we could also see

a dip in the synchronization time and then an increase indheeswith the increase in the noise intensity.
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Fig. 6. Plot of the average synchronization tir¢ with the error bars for 80% confidence level shown. The confidenedslare estimated
asz + 1.2820 wherez ando represent the mean and standard deviation of the data respectively.

This behavior is not seen in the weakly coupled and slightiyhér coupled cases(Fig 4). It could also be
seen that the optimal noise level at which resonance ocemnsins to be the same for different values
of coupling strengths as it becomes difficult to resolve ¢hddferences experimentally.

The error bars of the plot ofr) are shown in Fig. 6 for an estimated 80% confidence level. The
confidence level was estimated as- 1.282¢0 wherez and o represent the mean and standard deviation
of the data respectively. It can be seen that the error barseay small for high values of noise since the
low phase synchronization causes more frequent phaseasigpdrence more values ¢f). Around the
optimum noise level, the high degree of phase synchrooizaives us very few intervals due to which

the estimation of7) has a larger standard deviation

VII. SUMMARY AND CONCLUSIONS

In summary, it is seen that the average synchronization tém& good measure to characterize the
stochastic resonant behavior of coupled chaotic circltitsould also be concluded that noise enhances
the phase synchronization of weakly coupled chaotic discui a very smooth way as was seen from
the bell-shaped dependence of the average synchronizatienwith the noise intensity and the optimal
noise intensity at which the resonance occurs is higher wbempared to the strongly coupled cases. On
the contrary, the phase synchronization shows a highlyitsendependence on the noise intensity as was
seen in the cusp-shaped dependence of the average syaeliamitime with noise intensity. And, the
optimal noise level at which resonance occurs decreasésthdtincrease in the strength of the coupling
between the two circuits. At very high coupling strengths,irgteresting dependence - an initial dip and

then a peaking of the average synchronization time withriheease in the noise intensity was observed.
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